On λ-covers of pairs by quintuples: ν odd  by Mills, W.H & Mullin, R.C
JOURNAL OF COMBINATORIAL THEORY, Series A 67, 245-272 (1994) 
On A-Covers of Pairs by Quintuples: v Odd 
W. H. MILLS 
Institute for Defense Analyses 
AND 
R. C. MULLIN 
Department of Mathematics, University of Waterloo, 
Waterloo, Ontario, Canada N2L 361 
Communicated by the Managing Editors 
Received November 11, 1993 
A X-cover of pairs by quintuples of a v-set V is a family of 5-subsets of V (called 
blocks) with the property that every pair of distinct elements from V occurs in at 
least 2 blocks. If no other such X-cover has fewer blocks, the 2-cover is said to be 
minimum, and the number of blocks in a minimum 2-cover is the covering number 
Ca(v, 5, 2), or simply Ca(v). These numbers are determined here for v - 1 (rood 4), 
2 > 1, and v =- 3 (mod 4), X >/1 with the exception of v E {53, 63, 73, 83 } for X = 2. 
© 1994 Academic Press, Inc. 
l .  INTRODUCTION 
Let V be a finite set of cardinality v. A (k, t)-cover of index 2 is a family 
of k-subsets of V (called blocks), with the property that every t-subset of 
V occurs in at least 2 of the blocks. 
The covering number Cx (v, k, t) is defined to be the number of blocks in 
a minimum (as opposed to minimal) (k, t)-cover of index 2 of V. 
For v>>.k>~t>O, let 
L~(v, k, t) = f-vF(v- 1).. .  F (v -  t+ 1)~/(k- t+ 1)- ] . . . / (k -  1)7/k~. 
Then the quantity Lx(v, k, t) is a lower bound for G(v ,  k, t) (see [32]). 
There is an extension of this bound (see [24]),  which, when specialized 
to the case of t = 2 becomes the following. 
If 2 (v -  1) =0 (rood(k- 1)) and 2v(v - 1) = 1 (mod k), then 
C~(v, k, 2)~> L~.(v, k, 2)+ 1. 
(This specialization was first noted by Hanani [13]). 
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Therefore, let 
Ba(v, k, 2) = L~(v, k, 2) + 1 
if 2@ - 1) - 0 (mod(k -  1)) and 2v(v - 1) = 1 (rood k), and 
k, 2)= L (v, k, 2) 
otherwise. 
For k ~< 4, the covering numbers Ca(v, k, 2) have been determined (see 
References). We consider the case k= 5. For convenience, we abbreviate 
Ca(v, 5, 2) ro Ca(v) and Ba(v, 5, 2) to Ba(v). 
It is our purpose here to determine Ca(v) for v odd and 2 > 1 with a few 
exceptions. More precisely we show that if v=3 (mod4), v~>7, then 
Ca(15)=Ba(15)+ 1 for 2=1,2 ,  and that for all other such v and 2,->1, 
Ca(v)=Ba(v) with the possible exception of the pairs (v, 2)~ 
{(63, 2), (83, 2)}. Further, we show that if v= l  (rood4), then C2(9)= 
B2(9)+1, Q(13)=B2(13)+ 1, and that for all other such v and 2>1,  
Ca(v)=Ba(v) with the possible exception of the pairs (v, 2) 
{(53, 2), (73, 2)}. 
A balanced incomplete block design BIBD(v, k, 2) is a pair (V, B), where 
V is a v-set and B is a family of k-subsets (called blocks), such that every 
pair of distinct elements of V occurs in precisely 2 blocks. A fiat of a BIBD 
is a subset F of V such that every block intersects F in 0, 1, or k points. 
Hanani [13] has proved the following. 
LEMMA 1.1. There exists a BIBD(v, 5, 2) for  all integers v>. 5 which 
satisfy 
and 
2(v - 1 ) -- 0 (rood 4) 
2v(v - 1 ) = 0 (rood 20) 
with the exception of v = 15 and 2 = 2. 
We also require several other types of combinatorial configurations. 
The definition of a balanced incomplete block design can be extended 
as follows. An e-resolvable balanced incomplete block design 
(e -  RBIBD(v, k, 2)) is a BIBD(v, k, 2) together with a partition of the 
blocks into classes, called e-resolvable classes, which has the property 
that each point of the design occurs in precisely e blocks of each class. 
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A 1-resolvable balanced incomplete block design is simply said to be resolv- 
able, and is denoted by RBIBD. Definitions of a pairwise balanced esign 
(PBD), and a transversal design (TD) can be found in I-2], and an incom- 
plete transversal design (ITD) can be found in I-8]. Strictly speaking, some 
of these definitions are for the index 2 = 1. To extend these to general index 
)~, the requirement that the pairs which occur in precisely one block of each 
of these configurations i  to be replaced by the requirement that each such 
pair occur in precisely 2 blocks. For the existence of transversal designs, 
our authority is [-6] unless another reference is given. Similarly, for the 
existence of resolvable balanced incomplete block designs and balanced 
incomplete block designs, see 1-18]. 
LEMMA 1.2. I f  there exists a BIBD(v, k, 2) and if Ca, (v, k, 2) = 
Ba,(v, k, 2), then Cz+a,(V, k, 2)= Ba+~,(v, k, 2). 
Proof It is easily verified that by defining the BIBD on a set V, and 
adjoining to its blocks, the blocks of a minimum (k, 2) cover of index 2' 
also defined on V, then a (k, 2) cover of index 2+2'  on V with 
Ba+a,(v, k, 2) blocks is obtained. | 
We also require the notion of an incomplete 2-cover. Let v and w be 
positive integers, v~> w ~> 5. An incomplete 2-cover of type (v, w), denoted by 
IC~(v, w), is a triple (V, W, F), where V is a v-set, W is a w-subset of V, 
and F is a family of Bz(v) -  Ba(w) subsets of V, each of size 5, which has 
the properties 
(i) each pair of distinct elements {Xl, x2} of V, where at least one of 
xl, x2 does not lie in W, occurs in at least 2 blocks of F and 
(ii) no pair of distinct elements {x,, x2} both of which lie in W, 
occurs in any block of F. 
The set W is referred to as the hole of the incomplete cover. 
We adopt the natural convention that B~ (3)= 1 so that an IC1 (v, 3) is 
defined. 
LEMMA 1.3. I f  Ca (w) = B a (w), and if there exists an incomplete 2-cover 
IQ(v, w), then Ca(v) = Ba(v). 
Proof Clearly a (k, 2) cover of index 2 can be obtained by adjoining 
the blocks of an appropriate 2-cover on w points to the blocks of the 
incomplete 2-cover. | 
Now let v and w be positive integers, v~> w ~> 1. An exact ICa(v, w) is a 
triple (V, W, F), where V is a v-set, W is a w-subset of V, and F is a family 
of 5-subsets of V (called blocks) which satisfy (ii) and 
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(iii) each pair of distinct elements {x,, X2} of V, where at least one 
of xl, x2 does not lie in W, occurs in exactly 2 blocks of F. 
For w i> 5 it can be shown that the number of blocks in an exact 
IQ(v, w) is Ba(v)-Ba(w ).
An incomplete bicover IB(v, w) is an exact IC2 (v, w). 
2. COVERING NUMBERS fOR V -- 1 OR 5 (mod 10) 
It is particularly easy to determine Q(v) for v -1  or 5 (mod 10), as is 
shown in the proof of the following theorem. 
THEOREM 2.1. I f  v -- 1 or 5 (mod 10) and v >1 5, then Ca(v) = Ba(v) with 
the exception that Ca(15)=Bx(15)+ 1 for 2= 1, 2. 
Proof If v -1  or 5 (mod 20), then there is a BIBD(v, 5, 2), hence 
Cz(v)=Ba(v). If v= l l  or 15 (mod20) and v¢15,  then there exists a 
BIBD(v, 5, 2u) for all positive integers u. Further it is shown in [25] that 
for such v, C1 (v) = B1 (v), which in view of Lemma 1.2, leaves only the case 
v=15. But it is noted in [23] that C1(15)= 13=B1(15)+1,  and it is 
shown in [29] that C2(15)= B2(15)+ 1. To handle all remaining cases for 
v= 15, it is sufficient o prove that C3(15)=B3(15) and Cs(15)=Bs(15),  
which we do below. 
For v= 15, 2=3,  let the point set be {(i, j )  : ieg5,  je  7/3}. Then the 33 
blocks are 
(0,0) (1,0) (2,0) (3,0) (4,0) mod(- ,3)  
(0,0) (1,0) (2,1) (4,1) (0,2) mod(5, - )  
(0,0) (0,1) (1,1) (1,2) (3,2) mod(5,-)  
(0,0) (2,0) (0,1) (0,2) (4, 2) mod(5,-)  
(0,0) (1,0) (0,1) (3,1) (2,2) mod(5,-)  
(0,0) (1,1) (2,1) (1,2) (4,2) mod(5,-)  
(0,0) (2,0) (4, 1) (0,2) (4, 2) mod(5,-).  
For v = 15, 2 = 5, let the 
blocks are the four blocks 
point set be {(i, j), ie Z s, je  Z3}. Then the 54 
(O,j) (1, j) (2, j) (3, j) (4, j), 
where j = O, 1, 2, 2, i.e., the last one taken twice; and the 50 blocks 
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(0,0) (1,0) (2,0) (0,2) (1,2) mod(5,-) 
(0,0) (1,0) (0,1) (1,1) (0,2) mod(5,-) 
(0,0) (1,0) (0,1) (1,1) (2,2) mod(5,-) 
(0,0) (1,0) (2,1) (3,1) (3,2) mod(5,-) 
(0,0) (2,0) (0,1) (3,1) (3,2) mod(5,-) 
(0,0) (2,0) (1,1) (4,1) (3,2) mod(5,-) 
(0,0) (2,0) (4,1) (2, 2) (4, 2) mod(5,-) 
(0,0) (2,1) (3,1) (0,2) (4,2) mod(5,-) 
(0,0) (3,1) (1,2) (2, 2) (3, 2) mod(5,-) 
(0,1) (1,1) (3,1) (2,2) (4,2) rood(5,-). 
This establishes the theorem. | 
3. PRELIMINARY COVERING NUMBERS FOR V = 7 OR 9 (mod 10) 
In this section, we establish the covering number of certain small values 
of v. 
LEMMA 3.1. If V = 7 (mod 20), then 
(i) Bs(v)=BI(v)+B4(v); 
(ii) B7(v)=Bl(v)+ B6(v); 
(iii) Bs(v)=B2(v)+ B6(v); 
(iv) B9(v)=B3(v)+ B6(v ). 
Proof The proof is a matter of checking. | 
LEMMA 3.2. If  V = 7, then Ca (v) = B;~ (v) for all 2 >~ 1. 
Proof By Lemmas 1.1, 1.2 and 3.1, it is sufficient o eestablish the 
lemma for 2 = 1, 2, 3, 4, and 6. 
It is shown in [-25] that C1(7)=B1(7), and it is shown in [29] that 
C2(7) = B2(7 ). For 2 = 3, let the point-set be 7~ 7. 
Then the seven blocks are 
0 1 2 3 4 (rood7). 
It is shown in [3] that C4(7)=B4(7). For 2=6,  let the point-set be 
{1, 2, ..., 7}. 
Let X= {1, 2} and 13 blocks are the ten 
blocks 
Y = { 3, 4, ..., 7 }. Then the 
XwT 
250 MILLS AND MULLIN 
where T ranges over all triples of Y, together with the three blocks 
consisting of all points of Y. | 
We also require the special configuration of seven points given in the 
next lemma. 
LEMMA 3.3. There is a set of seventeen blocks of size 5 on seven points 
which has the property that two disjoint pairs each occur in precisely seven 
blocks while all other pairs occur in at least eight blocks. 
Proof Let the point set of the configuration be { 1, 2 ..... 7}. 
In the following set of blocks, all pairs occur at least eight times, with the 
exception of the pairs { 1, 2} and {3, 4} each of which occurs exactly seven 
times. 
12345 12356 12357 12367 
12456 12457 12467 13456 
13457 13467 13567 14567 
23456 23457 23467 23567 
24567. 
This establishes the lemma. | 
LEMMA 3.4. I f  v=27, then Q(v)=Bx(v)  for all 2>, 1. 
Proof By Lemmas 1.1, 1.2 and 3.1, it is sufficient o establish the 
lemma for ~ = 1, 2, 3, 4, and 6. 
It was shown in [25] that C1(27)=B1(27), and in [29] that 
C2 (27) = B2(27 ). 
For )~ = 3, let the point-set be 7/27. Then the 108 blocks are 
0 1 4 6 13 (mod27) 
0 2 10 11 15 (mod27) 
0 2 6 9 17 (mod27) 
0 3 10 11 16 (mod27). 
For 4=4,  let the point-set be {1,2 ..... 25, x,y}. It is shown in [29] 
that there exists an incomplete bicover IB(29, 7). Let this be defined on 
the set {1, 2, 3 ..... 25, x1, x2, Yl, Y2} where xl, x2, Yl, and Y2 are new 
symbols, and define it in such a way that the hole is the subset 
{1, 2, 3, Xl, x2, Yl, Yz}. In the blocks of this design, replace the symbols xl 
and x2 by x, and Yl and Y2 by y. Then no pair of {1, 2, 3, x, y} occurs in 
a block, x and y each occur with each member of {4, 5, ..., 25 } four times, 
and all other pairs occur in precisely two blocks. 
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To this set of blocks, adjoin two copies of the blocks of a BIBD(25, 5, 2) 
on the set {1, 2 ..... 25}. Then adjoin four copies of the set {1, 2, 3, x, y}. 
The result is a 4-cover of 25 points which has B4(27 ) = 141 blocks. 
For 2 = 6, let the point-set be { 1, 2 ..... 25, X, Y}. Let D denote the set of 
blocks of a resolvable BIBD(25, 5, 1) o the point-set { 1, 2 ..... 25 }. Let the 
resolution classes of this design be PI, P2 .... , P6. 
Take all blocks of P1 and replace each by the blocks of a BIBD(5, 4, 3) 
on that set of points. Then adjoin X to each of the resulting blocks. 
Similarly treat the blocks of P2, this time adjoining Y instead of X. To 
these blocks, adjoin three copies of the blocks of D\{P~, P2}, and then a 
copy of D. The resulting set of blocks contains all pairs except for {X, Y} 
exactly four times, and the pair {X, Y} does not occur in any block. 
But the minimum 2-cover constructed on 27 points in [29] contains the 
pair of points {X, Y} in ten of its 71 blocks. If the remaining points in this 
configuration are taken to be { 1, 2 ..... 25 }, then adjoining its blocks to the 
above yields a 6-cover of 27 points with 9 6 (27)= 211 blocks. I 
LEMMA 3.5. I f  V -- 9 or 17 (rood 20), then 
(i) B2(v)=ZBI(v); 
(ii) B3(v)=3B~(v). 
Proof. The proof is a matter of checking. 
LEMMA 3.6. I f  V=9, then C l (v)=Bl (v)+l ,  C2(v)=B2(v)+l and 
Ca (v) = Bz (v) for 2 >i 3. 
Proof. It is noted in [-23] that C1(9)=5=B1(9)+ 1, and in [-29] that 
C2(9)=B2(9)+1.  By Lemmas 1.1 and 1.2, it is sufficient to show that 
Bz(9) = Ca(9) for 2 = 3, 4, 6, and 7. 
It is shown in [-2] that C3(9)=B3(9) and it is shown in [-3] that 
C4(9) = B4(9). Note that in [2] the authors use the notation Bz(v) for our 
Lx(v, 5, 2). 
For 2 = 6, let the point-set be { 1, 2 ..... 9 }. Then the 22 blocks are 
12789 (twice) 34789 (twice) 56789 (twice) 
12359 12367 12459 
12468 13458 13469 
13569 13578 14567 
14678 23457 23469 
23568 23678 24569 
24578. 
For 2 = 7, let the point-set be { 1, 2, ..., 9 }. 
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Then the 26 blocks are 
12345 12367 12389 12467 
12489 12567 12589 13468 
13479 13568 13579 14568 
14579 16789 23469 23478 
23569 23578 24569 24578 
26789 34569 34578 36789 
46789 56789. 
This establishes the lemma. | 
LEMMA 3.7. If v=17, then Ca(v)=Bl(v)+2, and Cx(v)=Bx(v) for 
2>12. 
Proof It is noted in [-23] that C1(17)= 16=B1(17)+2. By Lemmas 1.1 
and 1.2 it is sufficient o show that B~(17)= C~(17) for 2=2, 3, 4 and 6. 
It is shown in [29] that C2(17)=B2(17), and it is shown in [2] that 
C3(17)=B3(17). Note that in these papers the notation differs slightly 
from ours. 
For 2=4,  let the point-set be {0, 1, 2 .... ,16}; then the 55 blocks are 
0 1 2 3 4 0 1 2 5 6 0 3 4 7 8 
0 7 8 11 12 0 9 10 11 12 0 13 14 15 16 
1 3 9 11 13 1 4 9 12 13 1 5 7 11 14 
1 8 10 14 16 1 8 10 15 16 2 3 10 12 16 
2 5 8 12 13 2 6 8 11 13 2 7 9 14 15 
3 5 7 10 13 3 5 8 9 15 3 6 11 14 15 
4 5 11 14 16 4 5 12 14 16 4 6 7 10 13 
0 5 6 9 10 01  2 3 4 0 1 5 6 7 
0 13 14 15 16 0 4 10 13 14 0 6 8 11 14 
1 6 7 12 16 1 2 6 12 15 1 3 9 10 14 
2 4 10 11 15 1 8 10 11 15 1 8 12 13 14 
2 7 9 14 15 2 5 10 12 14 2 6 11 13 16 
3 6 12 14 15 3 5 7 11 13 3 5 8 15 16 
4 6 8 9 14 4 6 7 10 15 4 7 8 9 12 
0 2 5 8 9 0 3 10 11 12 
0 7 12 15 16 0 9 13 15 16 
1 4 5 13 15 1 7 9 11 16 
2 3 7 14 16 2 4 9 11 16 
2 7 8 10 13 3 4 6 8 16 
3 6 9 12 13 4 5 11 12 15 
5 6 9 10 16. 
2-COVERS OF PAIRS 253 
For 2 = 6, let the point set be {1, 2, ..., 15, x, y}. Adjoint y to each block 
of a BIBD(16, 4, 1) defined on the set {1, 2 ..... 15, x} and x to each block 
of a BIBD(16, 4, 1) defined on the set {1, 2 ..... 15, y}. Let C denote the 
collection of 40 blocks. 
Adjoin the 42 blocks of a BIBD(15, 5, 4) defined on the set {1, 2 .... ,15} 
to C. The result is a 6-cover of 17 points which has C6 (17)= 82 blocks. I 
LEMMA 3.8. If V -- 19 (mod 20), then the relations hoM 
(i) B3(v)=BI(v)+ B2(v); 
(ii) Bs(v)=Bl(v)+B4(v); 
(iii) BT(v)=B~(v)+ B6(v); 
(iv) B8(v)=B2(v)+ B6(v ). 
Proof The proof is a matter of checking. | 
LEMMA 3.9. If V= 19, then Q(v)=Bx(v) for all ~>~ 1. 
Proof By Lemmas 1.1, 1.2 and 3.8, it is sufficient to establish the 
lemma for 2 = 1, 2, 4, 6, and 9. 
It is shown in [-25] that C1(19)=B1(19) an it is shown in [-29] that 
C2(19)=B2(19 ). For 2=4,  let the point-set be {(i,j):i~Z3, j~Zs}w 
{ W, X, Y, Z}. We begin with the 35 blocks of the minimum 2-cover of 19 
points exhibited below. 
W X Y Z (0, 0) mod(3,-) 
W X (0,1) (1,1) (2,1) 
Y Z (0,2) (1,2) (2, 2) 
W (0,2) (0, 3) (0,4) (1,4) mod(3,-) 
W (0,0) (0, 1) (0,2) (1,3) mod(3,-) 
X (0, 1) (1,2) (2,2) (2, 4) mod(3,-) 
X (0,0) (0, 3) (2, 3) (1,4) mod(3,-) 
Y (0, 1) (1, 2) (0, 3) (2, 3) mod(3,-) 
Y (0,0) (0, 1) (0,4) (2, 4) mod(3,-) 
Z (0,1) (1,1) (1,3) (1,4) mod(3,-) 
Z (0,0) (2, 2) (2, 3) (1,4) mod(3,-) 
(0,0) (1,0) (2,1) (1,2) (0,4) mod(3,-) 
(0,0) (1,0) (2, 1) (2, 2) (1, 3) mod(3,-). 
In this 2-cover, the pairs {W, X} and { Y, Z} occur in four blocks, all 
other pairs of { WXYZ} occur in three blocks, and all other pairs occur in 
two blocks. 
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To these blocks, we adjoin the 34 blocks of the special configuration 
exhibited below. 
W Z (0,3) (1,3) (2, 3) 
W Y (0,4) (1,4) (2, 4) 
Y Z (0,1) (1,1) (2, 1) 
r z (o,2) (1, 2) (2, 2) 
x z (0,0) (1,0) (2,0) 
x z (0,2) (1,2) (2,2) 
X Z (0,4) (1,4) (2, 4) 
X Y (0,0) (1,0) (2,0) 
X Y (0,1) (1,1) (2,1) 
X Y (0,3) (1,3) (2, 3) 
W (0,0) (0,1) (0,2) (0,4) 
W (0,0) (0,1) (1,2) (0,3) 
Z (0,0) (1,1) (2,3) (0,4) 
Y (0,0) (0,2) (1,3) (1,4) 
X (0,1) (2 ,2 ) (1 ,3 ) (1 ,4 )  
(0,0) (1,1) (2, 2) (0,3) (2, 4) 
(0,0) (2,1) (1,2) (1,3) (2, 4) 
(0,0) (2,1) (2, 2) (2, 3) (1,4) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
rood(3, -). 
In this special configuration, the pair { W, X} does not appear at all, the 
pairs { W, Y} and { IV, Z} each occur in one block, the pairs {X, Y) and 
{X, Z} each occur in three blocks, and all other pairs occur in two blocks. 
Therefore, the combined set of 69 blocks contain all pairs of {X, Y, Z} 
exactly six times, and all other pairs exactly four times, and therefore are 
the blocks of a 4-cover of 19 points with B4(19)= 69 blocks. 
For 2=6, let the point set be {1, 2, ..., 14, W, X, Y, Z}. Again, begin with 
the minimum 2-cover on 19 points exhibited above. Let it be defined on the 
set { 1, 2 ..... 14, A, B, C, D, E} where A, B, C, D, and E will be considered 
as "variables" or "place-holders", for which other symbols can be sub- 
stituted. Further let it be defined in such a way that the set of points 
{A, B, C, D} is such that it is the pairs of these points which occur at 
least three times, and the pairs {A, B} and {C, D} each occur four times, 
and that B= {EABCD} is a block. Let the configuration of 34 blocks 
obtained by deleting the block B from this configuration be denoted by the 
functional notation F(E; A, B; C, D). Then in this configuration, each of 
the pairs {E, A}, {E, B}, {E, C}, and {E, D} occur in only one block, the 
pairs {A, B} and {C, D} occur in three blocks, and all other pairs occur 
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in exactly two blocks. Now consider the collection of blocks obtained 
by taking all blocks of F(15 ; W, X; Y, Z), F(W;15, X ;Y ,Z)  and 
F(X; 15, W; Y, Z). To this collection of 102 blocks, adjoin the block 
B= {15, W, X, Y, Z}. It is easily verified that this collection of B6(19)= 
103 blocks contains the pair (Y, Z) ten times, and all other pairs of 
{1, 2, ..., 15, W, X, Y, Z} exactly six times, and so is a minimum 6-cover of 
19 points. 
For 2 = 9, let the point set be 7719. Let F(E; A, B; C, D) be defined as in 
the case above. Consider the collection of 137 blocks formed by taking all 
blocks of F(16; 15, 17; 18, 0), F(17; 15, 18; 16, 0), F(18; 15, 16; 17, 0) and 
F(15; 16, 18; 17, 0) together with the block {15, 16, 17, 18, 0}. This collec- 
tion of blocks contains the pairs {16, 17} and { 17, 18 } exactly seven times 
each, the pairs {0,16} and {0,18 } nine times each, the pair {0,17} ten times, 
and every other pair of 7/19 exactly eight times. But the set of 19 blocks 
0 1 2 6 9 (mod19) 
is a 1-cover of 7/19 in which the pairs {16, 17} and {17, 18} occur twice. 
Thus, by adjoining these blocks to those above, a 9-cover of Z19 which 
contains B9(19 ) = 156 blocks is formed. | 
COROLLARY 3.9.1. There exists a special configuration of 137 blocks on 
19 points which contains a pair of distinct intersecting pairs of points seven 
times, and all other pairs of points at least eight imes. 
Proof This was constructed for the case 2 = 9 above. | 
4. COVERING NUMBERS FOR V ~ 7 OR 9 (rood 10) 
In this section we require some incomplete bicovers. To assist in this, the 
notion of pair identification is introduced. Suppose that there exists a PBD 
of index 2 = 1 on v points, in which there is a distinguished block B of size 
w, and all other blocks are of size 5 (we denote such a design as a 
PBD(v, {5, w*}, 1)). Let xl and x2 be a pair of points of B. If, in the blocks 
of the PBD, the points xl and x2 and the pair {xl, x2} are replaced by a 
new point x, the result is that x occurs with each point which does not lie 
in B in exactly two of the blocks, but only once with the remaining points 
of B. This operation is called the identification of Xl and x2. Clearly points 
on B can be paired and identified simultaneously, with the result that the 
(images of) the identified points occur exactly once with each other and the 
unidentified points of (the image of) B, and twice with all other points. 
We also use the trivial fact that if there exists an IB(v, w) and IB(w, x), 
then there exists an IB(v, x) without calling attention to the fact at the time 
of its use. 
256 MILLS AND MULLIN 
L~MMA 4.1. Let v and w be positive integers, where both v and w are 
odd. Suppose that there exists an incomplete bicover 1B(v, w) and let 
d= (v - w)/2. Suppose that there exists a transversal design TD(6, d). Let t 
be an integer satisfying 0 <<. t <~ d. Then there exists an incomplete bicover 
IB( lOd + 2t + w, 2t + w). Further there exists an IB( lOd + w, v). 
Proof See [29, Lemma4.2]. | 
A simple modification of the above lemma is given below. 
LEMMA 4.2. Let v, w, and 2 be positive integers where both v and w are 
odd. Suppose that v -  w = 4d, where d is an integer. Suppose further that 
there exists a TD(6, d) and an exact IQ  (v, w). Let t be an integer satisfying 
0 <<. t <<. d. Then exists an exact IC~(20d+ 4t + w, 4t + w). 
Proof The proof is a simple modification of the above. | 
LEMMA 4.3. Let v be an integer, v >1 47. 
(i) I f  v -  9 (mod 20), then there exists an incomplete bicover IB(v, 9). 
(ii) I f  v -  7 (mod 20), then there exists an incomplete bicover IB(v, 7). 
Proof It is shown in [9] that if m~>2, then there exists a 
PBD(20m + 13, {5, 13"}, 1). 
For part (i), assume that m ~> 2, and identify four pairs of points on the 
distinguished block B of size 13. Then adjoin the blocks of a 
BIBD(20m + 5, 5, 1) defined on the unidentified points of the PBD, in such 
a way that the unidentified points of B form a block B'. Now delete B' and 
the image of B after identification. The result is an IB(20m + 9, 9). 
For part (ii) if m >/2, then proceed as in part (i), identifying six pairs of 
points and adjoining the blocks of a BIBD(20m + 1, 5, 1). The result is an 
IB(20m + 7, 7). | 
The above leads immediately to the following theorem. 
THEOREM 4.4. Let v be an integer, v >~ 7. 
(i) I f  v -7  (mod20), then Q(v)=B~(v) fo r  2/>1. 
(ii) I f  v - -9  (mod20), then C~(v)=Ba(v) for 2>1 provided that 
v ~ 9. Further Cx (9) = B~ (9) + i for ,~ = 1 and 2 = 2, and C~ (9) = B~ (9) for 
2~>3. 
(iii) I f  v - 17 (mod20), then Q(v)  = B~(v) for 2 > 1. Further 
C1 (17) = B1 (17) + 2. 
Proof For part (i), the result is true for v=7 and v=27 by 
Lemmas 3.2 and 3.4. 
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For v ~> 47, first note that if 2 is even, say 2 = 2t, then an exact ICa(v, 7) 
can be obtained by taking the blocks of an IB(v, 7) t times. Further it is 
shown in [25] that if v -  7 (rood 20), then there exists a 1-cover of v 
points, with Bl(V) blocks, which contains a sub-cover of order 7. By 
deleting this sub-cover, an IC1 (v, 7) is obtained. 
When this ICI (v, 7) is defined on the same set of points as an IC2t(v, 7) 
in such a way that the holes are defined on a common subset, then an 
IC2t+l(v, 7) is formed when the total collection of blocks from both 
systsems is taken. Thus there exists an ICa(v, 7) for 2/> 1. Since Q(7)= 
Ba(7 ) for all 2, then Ca(v)=Ba(v) for all 2, by Lemma 1.3. 
For part (ii), first note that the case of v = 9 is dealt with in Lemma 3.6. 
For v = 29, we note that there exists an IB(29, 7), as is shown in [29]. By 
taking t copies of the blocks of such an object, an IC2~(29, 7) is formed. 
Since C2t(7)= B2t(7), then by Lemma 1.3, we have Ca(29)= Ba(29) if 2 is 
even. Further it is shown in [2] that C3 (29)= B3 (29). Therefore, we have 
Q(29)=Ba(29 ) for 2=2,  3, 4, and 6, and therefore, by Lemmas 1.1 and 
1.2, we have C~(29)=Ba(29 ) for 2t>2, since there is a BIBD(29, 5, 5t) for 
t~>l. 
The proof for v/> 49 is similar. By taking t copies of an IB(v, 9), an 
IC2,(v, 9) is formed for all t~>l. But by Lemma3.6, if 2t>3, then 
Ca(9)=Ba(9), thus by Lemmal.3., we have C2t(v)=B2t(v ) for t~>2. 
Further it is shown in [29] that if v>~29 and if v=9 (mod20), then 
C2(v) = B2(v) and it is shown in [2] that if v ~> 9 and v - 9 (mod 20), then 
C3(v)=B3(v ). Thus if 2=2,3 ,4 ,  or 6, and v -9  (mod20), v~>49, then 
Ca(v)=Ba(v), and as above, Lemmas 1.1 and 1.2 yield Ca(v)=Ba(v ) for 
2~>2. 
For part (iii), first note that the case v = 17 is dealt with in Lemma 3.7. 
It is shown in [29] that if v--17 (mod 20), then C2(v)=B2(v). 
It is shown in [9] that there exists a PBD(v, {5, 9"}, 1) for all v~>37, 
v -  17 (mod 20). By deleting the distinguished block of size 9 from a 
PBD(v, {5, 9"}, 1), an ICl(v, 9) is obtained. By taking 2 copies of the 
blocks of such an incomplete cover, an ICa(v, 9) is obtained. Since 
Q(9)  = Ba(9 ) for 2 ~> 3, it follows from Lemma 1.3 that Ca(v)= Ba(v ) for 
I 
The situation for v -  19 (mod 20) is slightly more complicated. We use 
the following results from [29]. 
LEMMA 4.5. Let be a positive integer. There is an IB(v, 7) in the cases 
(i) v -39  (modl00), v¢{139,339}, 
(ii) v-= 59 (mod 100), 
(iii) v = 79 (mod 100), 
(iv) v ~ {29, 49, 67}. 
582a/67/2-10 
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Proof For 
IB(139, 7) and 
For v = 139, 
For v = 339, 
t=8.  
Proof See [29, Theorem5.3]. | 
We extend these results in the following lemma. 
L•MMA 4.6. Suppose that v >~ 39 and v =-- 19 (mod 20). Then there exists 
an IB(v, 7) with the possible exception of v ~ {99, 199}. Further there exists 
an IB(99, 19), and an IB(l19, 19). 
v = 39 (mod 100), it is sufficient o show that there exists an 
an IB(339, 7). 
apply Lemma 4.1 to an IB(29, 7) with t = 11. 
apply Lemma 4.2 to the incomplete bicover IB(67, 7) with 
It remains to consider v -99  or 119 (mod 100). For v=100m+99,  
m/> 1, apply Lemma 4.1 to an IB(2Om+ 15, 1) with t = 14. 
To show the existence of an IB(99, 19), we apply Lemma4.1 to an 
IB(21, 5) with t= 7 (an IB(21, 5) can be constructed by deleting a block 
from a BIBD(21, 5, 1), then duplicating the blocks). 
For v = 100m + 119, m >/2, apply Lemma 4.1 to an IB(20m + 15, 1) with 
t = 24. 
To construct an IB(119, 19), apply Lemma 4.2 to an IB(23, 3) (such a 
design is constructed in Lemma 5.5) with t = 4. 
The case v = 219 is somewhat more complex. Let T1 be a TD(5, 45), with 
groups G1, G2, ..., Gs. By replacing each of the first four of these groups by 
the blocks ofa  BIBD(45, 5, 1) we obtain a PBD(225, {5, 45"}, 1). We iden- 
tify six pairs of points of G5 to obtain a configuration on 219 points. Let 
WI denote the set of six identified points after identification, let W2 denote 
the remaining 33 points of Gs, set W = W1 u 1412, and let I413 denote the set 
consisting of the remaining 180 points. Let D2 denote the set of blocks of 
size 5 obtained in this way. In D2 every element of W~ occurs exactly twice 
with every element of W3, and every element of W2 occurs exactly once 
with every element of W3. Further every pair of elements of W3 occurs 
exactly once, and no pair of elements of W occurs at all. Now apply 
Lemma4.2 with v=41, w=5,  t=7,  d=9,  and 2=1 to obtain a 
PBD(213, {5, 33"}, 1). Let this PBD be defined on W2u W3 in such a way 
that W2 corresponds to the block of size 33. Combining the blocks of 
this PBD with D2 we obtain an IB(219, 39). Sinee an IB(39, 7) exists, this 
completes the proof. | 
L~MMA 4.7. Let C be a 1-cover of 20m+19 points which has 
B1 (20m + 19) blocks. Then C contains 
(i) a pair of disjoint pairs of points, and 
(ii) a pair of distinct intersecting pairs of points, 
which occur in at least two blocks of the 1-cover. 
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Proof It is easy to show that in such a cover, every point occurs in 
exactly two "excess" pairs, that is pairs which occur more than once, where 
pairs are counted according to their multiplicity. It follows that there are 
v excess pairs, and since v > 3, some pair of excess points must be disjoint. 
Further since v is odd, the set of excess pairs cannot consist of v/2 pairs 
each occurring three times in the cover (that is, with excess multiplicity 
two). Thus some pair y occurs in excess pairs {x,y} and {y, z} where all 
of x, y and z are distinct. | 
TrmOR~M 4.8. Let v be an integer satisfying v>~ 19, v -19  (mod 20). 
Then C~(v)=B~(v) for 2>~ 1. 
Proof The case v=19 is dealt with in Lemma 3.9. Thus we can 
suppose that v ~> 39. 
If v ¢ {99, 119), there exists an IB(v, 7) by Lemma 4.6. By taking t copies 
of such a design, an ICEt(V, 7) is formed. Since Q(7)  =Bz(7) for 2/> 1, it 
follows that Q(v)=Bz(v) for all even 2 by Lemma 1.3. Further, since it is 
shown in 1-25] that Cl(v)=Bl(v) for v_=19 (mod20), it follows from 
Lemma 3.8 that Cz (v) = B~ (v) for 2 satisfying 1~< 2 ~< 8. For 2 = 9, take an 
IC8 (v, 7) and "fill in" the hole with the blocks of the special configuration 
on seven points and 17 blocks described in Lemma 3.3. In the resulting set 
of blocks D, a disjoint pair of pairs, say {a, b) and (c, d} occur exactly 
seven times, and all other pairs occur at least 8 times. To these blocks, 
adjoin the blecks of a 1-cover on v points with B1 (v) blocks defined on the 
same set as D in such a way that the pairs {a, b} and {c, d} occur twice. 
Then the resulting collection of blocks is a 9-cover of v points with B9(t) ) 
points. 
The situation for v = 99 and 119 is similar, except hat we start with the 
IB(v, 19) of Lemma 4.6. Here we use the special configuration on 19 points 
and 137 blocks of Corollary 3.9.1. The final difference is that a pair of inter- 
secting distinct pairs of points is used in the 1-cover. 
Thus for 2 satisfying 1~<2~<9, we have C~(v)=B~(v) for v-=19 
(rood 20). The theorem then follows from Lemmas 1.1 and 1.2. 
5. COVERING NUMBERS FOR V ~-3 (mod 10) 
In this section, we establish the covering numbers for certain values of v. 
LEMMA 5.1. I f  V=13 (mod20), then 
(i) B4(v) = 2Bz(v); 
(ii) B6(v)=2B3(v). 
Proof The proof is a matter of checking. | 
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LF~MMA 5.2. I f  V=13, then Cl(v)=Bl(v)+ l, C2(v)=B2(v)+ l, and 
Cz(v) = Bz(v) for 2 >f 3. 
Proof. It is noted in [23] that C1(13)=10=B1(13)+ 1. It is easily 
shown that there does not exist a 2-cover of 13 points with B2(13)= 16 
blocks. A 2-cover of 13 points with 17 blocks is exhibited below. 
0 1 2 3 4 0 1 2 5 6 03  5 7 8 
0 4 6 7 8 0 9 10 11 12 0 9 10 11 12 
1 3 7 9 10 1 4 5 8 9 1 6 7 11 12 
1 8 10 11 12 2 3 8 11 12 2 4 7 9 10 
2 5 7 11 12 2 6 8 9 10 3 4 6 11 12 
3 5 6 9 10 4 5 10 11 12. 
It is shown in [2] (with slightly different notation) that C3(13)= 
B3(13), and in [3] that C4(13)= B4(13). In view of Lemma 5.1, it remains 
to show that C7(13)= B7(13) in order to establish the lemma by means of 
Lemmas 1.1 and 1.2. 
For 2 = 7, let the point-set be 7711 k-) {X, y}. Then the 55 blocks are 
1 3 4 5 9 (modll)takentwice 
x 0 2 4 10 (modl l )  
y 0 3 5 10 (modl l )  
xy  0 1 4 (modll) .  | 
LEMMA 5.3. I f  v= 33, then C~(v)=Bz(v) for 2>~ 1. 
Proof. By Lemma 5.1, 1.1, and 1.2, it is sufficient to establish the lemma 
for 2 = 1, 2, and 3. 
It is shown in [2] that Cx(33)=Bz(33) for 2= 1, 3. 
For 2=2, let the point set be {(h,i};h~7/3, i~7/11 }. Then the 106 
blocks are 
(0,0) (1,0) (O,j) (1, j) (2, j) j=1 ,2 ,3 ,4  
(2,0) (h, 1) (h, 2) (h, 3) (h, 4) h=O, 1,2 
(0,0) (1,0) (0, 5) (1, 5) (0,6) rood(3,-) 
(0,0) (1,0) (2, 5) (2, 6) (0,7) mod(3,-) 
(0,0) (0, 1) (2, 2) (1, 3) (2, 4) rood(3,-) 
(0,0) (1, 1) (1,2) (1,6) (0,7) rood(3,-) 
(0,0) (2, 1) (0,2) (0, 8) (1, 8) mod(3,-) 
(0,0) (2, 3) (0,4) (0,9) (1,9) rood(3,-) 
(0,0) (0,3) (1, 7) (2, 9) (0, 10) rood(3,-) 
2-COVERS OF PAIRS 261 
(0,0) (1,4) (1,8) (0,10) (2,10) mod(3,-) 
(0,0) (0,6) (2,9) (1,10) (2,10) mod(3,-) 
(0, 0) (1, 7) (0, 8) (2, 8) (0, 9) mod(3,-) 
(0,0) (2, 7) (2, 8) (1,9) (1, 10) mod(3,-) 
(0, 1) (1, 1) (2, 2) (0,5) (0, 10) mod(3,-) 
(0, 1) (1,3) (2, 3) (0,7) (0, 10) mod(3,-) 
(0, 1) (2, 3) (1, 5) (0, 8) (2, 9) mod(3,-) 
(0, 1) (0,3) (0,6) (2, 8) (0,9) mod(3,-) 
(0, 1) (0,4) (2, 4) (1,9) (2, 10) mod(3,-) 
(0, 1) (1,4) (1, 6) (2, 6) (0, 9) mod(3,-) 
(0, 1) (1, 4) (1, 7) (2, 7) (0, 8) mod(3,-) 
(0, 1) (0,5) (2, 5) (2, 9) (1, 10) mod(3,-) 
(0, 1) (1,5) (0,7) (1,7) (1,9) mod(3,-) 
(0, 1) (1,6) (2, 6) (1,8) (1, 10) rood(3,-) 
(0,2) (1,2) (1,6) (1,9) (2, 9) mod(3,-) 
(0, 2) (2, 3) (2, 5) (0, 8) (0, 9) rood(3,-) 
(0,2) (0,3) (1,5) (2, 8) (0, 10) mod(3,-) 
(0,2) (1,3) (2, 6) (1,7) (2, 10) mod(3,-) 
(0,2) (1,3) (2, 6) (0,7) (0, 10) mod(3,-) 
(0, 2) (2,4) (0, 5) (2, 7) (2, 9) mod(3,-) 
(0,2) (1,4) (0,5) (0,7) (1, 10) mod(3,-) 
(0,2) (1,4) (2, 5) (2, 8) (2, 10) mod(3,-) 
(0,2) (2, 4) (1,6) (1, 7) (1,8) mod(3,-) 
(0,3) (2, 4) (2, 5) (0,6) (0, 7) mod(3,-) 
(0, 3) (2, 4) (1, 5) (2, 6) (0, 8) mod(3,-) 
(0, 3) (0, 4) (0, 5) (2, 6) (0, 8) mod(3,-). 
LEMMa 5.4. Let  v be an integer satisfying v >>. 13 and v - 13 (rood 20). 
Then C~(v) = Bz(v) for 2 >>. 3. Further C;~(13) = B,~(13) + 1 for 2 = 1, 2. 
Proof. The case of v = 13 is dealt with in Lemma 5.2, and v= 33 is 
handled in Lemma 5.3. For v > 33, it is shown in [-9] that there exists a 
PBD(v, {5, 13"}, 1) for v~-13 (rood20), v~>53. Delete the distinguished 
block of size 13, and take 2 copies of the remaining blocks to form 
an ICa(v, 13). For 21>3, Lemma 1.3 can be applied to show that 
C~(v)=~(v). I 
For v = 3 (mod 20), we take a somewhat different approach. 
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LEMMA 5.5. Suppose v >t 23 an v - 3 (mod 20). Then there exist 
(i) an IB(v, 3); 
(ii) a configuration of Oz(v ) blocks on v points, all of size 4 or size 5, 
which contains two special points, a and b, and two special blocks of size 4 
Bl :  a x I x 2 x3,  
B2: b Yl Y2 Y3, 
where {xl, x2, x3} c~ {Yl, Y2, Y3} = ~J and in which the pair {a, b} occurs 
in four blocks, the pairs {a, xi} and {b, Yi} occur once, i= 1, 2, 3, and all 
other pairs of points occur exactly twice; and 
(iii) a configuration of B2(v) blocks on v points, all of size 4 or size 5, 
which contains two special points, a and b, and two special blocks of size 4 
BI : a b xl x2, 
B2: b Ya Y2 Y3, 
where {xl, x2 } c~ { Yl, Y2, Y3} = ~,  and in which the pair { a, b} occurs in 
three blocks, the pairs {a, xi} and the pairs {b, yi} occur once, and all other 
pairs occur twice. 
Proof Let v = 20m + 23. For configuration (i), let D be a BIBD(20m + 
25, 5, 1) defined on the point set X= {1, 2 ..... 20m +21, al, a2, bl, b2} in 
such a way that the set {20m + 21, al, a2, bl, b2} is a block. Identify the 
pair {a~, a2} to a, and the pair {b~, b2} to b. To the resulting block set, 
adjoin the blocks of a BIBD(2Om+21, 5, 1) defined on the set {1,2 .... , 
20m + 21 }. The result is an IB(v, 3) with the points {20m + 21, a, b} being 
the hole. 
For configuration (ii), let D be a BIBD(20m+25, 5, 1) defined on the 
set X above in such a way that the sets {al, az, xl, x2, x3} and 
{bl, b2, y~, Y2, Y3} are blocks of D, for some {Xl, x2, x3, y~, Ya, Y3} _X.  
Now extend the idea of identification to points not together in a flat by 
replacing al and a2 and the pair {al, a2} by a, and bl and ba and the pair 
{bl, b2} by b wherever they occur. Then to the above set of blocks, adjoin 
the blocks of a BIBD(20m + 21, 5, 1 ) defined on the set { 1, 2 ..... 20m + 21 }. 
The result is the configuration described in (ii). 
For configuration (iii), let D be a BIBD(20m+25, 5, 1) defined on the 
set X above in such a way that the sets {al, a2, b l ,x l ,  x2} and 
{b~, b2, y~, Y2, Y3} are blocks of D. Then identify the pairs {a~, a2} and 
{bl, b2}, and adjoin the blocks of a BIBD(2Om+21, 5, 1) as above. The 
result is the configuration described in (iii). | 
LEMMA 5.6. I f  V~>23 and v=-3 (mod20), then C~(v)=Bz(v) for 
2=1,3 ,4 ,5  ..... 9. 
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Proof. For 2= 1, it is shown in [253 that Cl(v)=Bl(v). 
For 2=3,  let the point set be V= {1, 2, 3, ..., v} and let D1 be an IB(v, 3) 
whose hole is {1, 2, 3}. It is shown in [25] that there exists an IC~(v, 3), 
say D2. Let D 2 be defined on V, and let {1, 4, 5} be its hole. Adjoin the 
blocks of D~ to the blocks of D2; then adjoin two copies of the block 
{1, 2, 3, 4, 5} to the collection. The resulting set of B3(v) blocks contains 
every pair of V at least three times. 
For 2 = 4, the result can be obtained in a straightforward fashion by 
combining a pair of IB(v, 3)'s. However, in anticipation of the case 2 = 5, 
we construct another type of 4-cover in this case. 
Let V be the set V= {1, 2 ..... 20m+ 19, a, b, c, d}. Let D 1 be an 
configuration of type (iii), defined on V in such a way that the configura- 
tion contains the special blocks 
BI: a b 1 2, B2: b 3 4 5, 
with the pair {a, b} occurring three times. 
Let D 3 be a configuration of type (iii) also defined on V, but in such a 
way that the configuration contains the special blocks 
B3: c d 1 2, B4: d 3 4 5, 
with the pair {c, d} occurring three times. Take the collection of both sets 
of blocks, and delete B~, B2, B3, and B 4 and replace them with the blocks 
Bs: a b c 1 2 B6: a c d l 2 
B7: bd345 Bs: bd345 
In the resulting configuration the pairs of the quadruple {a, b, c, d} occur 
at least five times and all other pairs occur four times. Therefore 
C4(v ) = nn(v ). 
For 2= 5, take the point-set o be V above. As noted, it is shown in [25] 
that there exists an IC1 (20m + 23, 3) for all m/> 0. Take such a configura- 
tion on the set V in such a way that the hole is the set {a, b, c}, and adjoin 
the blocks to the blocks of the 4-cover above. The result is a 5-cover with 
B 5 (v) blocks. 
For 2 = 6, we use a configuration of type (ii). Let V be as above, and 
let D 1 be a configuration of type (ii) defined on V in such a way that the 
configuration contains the special blocks 
BI: a 1 2 3, B2: b 4 5 6, 
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and that the pair {a, b} occurs in four blocks, and let D be a configuration 
of type (ii) defined on V in such a way that the configuration contains the 
special blocks 
B3: b 1 2 3, B4: c 4 5 6, 
and that the pair C b, c} occurs in four blocks. Further, let D3 be a 
configuration of type (ii) defined in such a way that the configuration 
contains the special blocks 
Bs: c 1 2 3, B6: a 4 5 6, 
and that the pair C b, c} occurs in four blocks. Take the totality of blocks 
above, delete the blocks Bi, i = 1, 2 .... ,6, and replace them with the blocks 
B7: a b 1 2 3 Bs: a b 4 5 6 
B9: b c 1 2 3 Blo: b c 4 5 6 
Bl1: c a 1 2 3 B12: c a 4 5 6. 
The result is a 6-cover of V with B6(v ) blocks, in which each of the pairs 
of Ca, b, c} occurs in ten blocks. 
For 2=7,  again take an 1Cl(V, 3) on the set V in such a way that the 
hole is the set Ca, b, c}, and adjoin the blocks of the 6-cover above. The 
result is a 7-cover of V with B7(v ) blocks. 
For )~= 8, adjoin the blocks of an IB(v, 3) defined on V with hole 
Ca, b, c} to the blocks of the 6-cover above. The result is an 8-cover of V 
with B8 (v) blocks. 
For 2 = 9, again adjoin the blocks of an ICl(v, 3) defined on V with hole 
C a, b, c} to the blocks of the 8-cover above. The result is a 9-cover of V 
with Bg(V ) blocks. | 
It remains to treat the case v = 3 (mod 10), ~ = 2. 
The following lemma is to assist with this. 
LEMMA 5.7. I f  re  {23,43} then C2(v)=B2(v). 
Proof. For v=23, let the point-set be {(i,j):ieT]3, jeZT} w C X, Y}. 
Then the 51 blocks are 
X Y (0,0) (1,0) (0,1) mod(3,-)  
X Y (0, 1) (0,2) (0,3) mod(3,-)  
X (0,2) (2, 3) (0,4) (0,5) mod(3,-)  
X (0,4) (2, 5) (0,6) (1,6) rood(3,-) 
Y (0,2) (0,4) (2, 4) (0,5) mod(3,-)  
Y (0,3) (0,5) (0,6) (2, 6) mod(3,-)  
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(0,0) (1,0) (0,2) (1,4) (0,6) mod(3,-) 
(0,0) (0,1) (1, 2) (2, 4) (2, 6) mod(3,-) 
(0,0) (1,1) (0,3) (0,5) (2,5) mod(3,-) 
(0,0) (1,1) (2, 3) (1,5) (1,6) mod(3,-) 
(0,0) (2, 1) (2, 4) (0,5) (1,5) rood(3,-) 
(0, 0) (0, 2) (1, 2) (2, 5) (0, 6) rood(3,-) 
(0, 0) (2, 2) (0, 3) (1, 3) (1, 6) mod(3,-) 
(0, 0) (1, 3) (2, 3) (0, 4) (1, 4) mod(3,-) 
(0,1) (1,1) (0,2) (2,4) (1,6) rood(3,-) 
(0,1) (1,1) (1,3) (1, 4) (2, 6) mod(3,-) 
(0, 1) (1, 2) (2, 2) (2, 3) (0, 5) mod(3,-). 
For v=43, let the point-set be {(i, j): iE2~3,j~77~3 } U {W, X, Y, Z}. 
Fhen the 181 blocks are 
W X (0, j) (1, j) (2, j) j=  O, 1, 2 
W Y (0, j) (1, j) (2, j) j=  3, 4 
W Z (0, j) (1, j) (2, j) j=  5, 6 
X Y (0, j) (1, j) (2, j) j = 7, 8 
X Z (0, j) (I, j) (2, j) j=  9, 10 
Y Z (0, j) (1, j) (2, j) j=  11, 12 
W 2" (0, O) (2, 5) (1, 12) mod(3,-) 
(0, O) (0, 1) (0, 2) (0, 3) (0, 4) mod(3,-) 
(0, O) (1, 1) (2, 2) (0, S) (0, 6) mod(3,-) 
(0, 0) (2, 1) (1, 2) (0, 9) (1, 9) mod(3,-) 
(0,0) (1, 3) (1, 5) (0,7) (0, 10) mod(3,-) 
(0, O) (2, 3) (2, 7) (0, 8) (1, 10) mod(3,-) 
(0,0) (1,4) (2, 5) (2, 10) (0, 11) mod(3,-) 
(0,0) (2, 4) (1,8) (1, 10) (2, 11) rood(3,-) 
(0, O) (2, 6) (0, 8) (0, 9) (1, 11) mod(3,-) 
(0,0) (1,6) (2,10) (1,11) (0,12) mod(3,-) 
(0,0) (2, 7) (2, 9) (2, 11) (2, 12) rood(3,-) 
(0, 1) (1,3) (0,6) (1, 11) (0, 12) rood(3,-) 
(0, 1) (2, 3) (0,7) (2, 9) (2, 11) mod(3,-) 
(0, 1) (1,4) (2, 7) (2, 8) (1, 10) mod(3,-) 
(0, 1) (2, 4) (1, 8) (2, 10) (2, 12) mod(3,-) 
(0, 1) (0,5) (2, 8) (1,9) (2, 11) mod(3,-) 
(0, 1) (1, 5) (0, 10) (0, 12) (2, 12) rood(3,-) 
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(0, 1) (1,6) (2, 7) (0, 10) (1, 12) 
(0,2) (1, 3) (0,9) (2, 10) (2, 11) 
(0,2) (2, 3) (2, 8) (1, 11) (2, 12) 
(0,2) (1, 4) (0,6) (0, 10) (2, 11) 
(0,2) (2, 4) (0,7) (1, 11) (1, 12) 
(0,2) (0,5) (1,7) (1, 10) (0, 12) 
(0, 2) (2, 5) (0, 8) (1, 9) (2, 12) 
(0, 2) (2,6) (2, 7) (1, 8) (0, 11) 
(0,3) (1,4) (1,5) (1, 11) (2, 12) 
(0, 3) (2, 4) (0, 6) (2, 9) (1, 12) 
(0, 3) (2, 5) (1, 6) (2, 8) (1, 9) 
(0, 4) (2, 5) (0, 6) (2, 7) (0, 9) 
(0,0) (1,0) (0, 1) (0,2) (0, 3) 
(0,0) (1, 1) (0,4) (1, 4) (0, 5) 
(0, O) (1, 2) (1, 5) (0, 6) (0, 7) 
(0, O) (1, 3) (1, 8) (2, 8) (1, 12) 
(0, 1) (1, 1) (2, 6) (1,7) (1, 8) 
(0, 2) (1, 2) (0, 4) (2, 9) (1, 12) 
(0, 3) (1, 3) (2, 5) (2,6) (0, 7) 
(0,4) (1, 5) (2, 6) (1,9) (i, 10) 
(0, 5) (0,7) (2, 8) (0,9) (1, 10) 
Y (0, O) (1, 6) (2, 6) (0, 12) 
Y (0,0) (1,9) (0, 10) (0, 11) 
r (0, 1) (1, 2) (2, 3) (2, 10) 
Y (0, 1) (1, 4) (1, 7) (0, 9) 
Y (0, 2) (1, 5) (2, 5) (2, 8) 
Z (0, O) (2, 4) (1, 7) (2, 8) 
Z (0, O) (1, 7) (2, 9) (2, 12) 
Z (0, 1) (2, 2) (0, 6) (1, 10) 
Z (0, 1) (1, 3) (1, 5) (0, 11) 
Z (0, 2) (2, 3) (1, 4) (1, 8) 
W (0, 1) (0, 8) (0, 9) (1, 12) 
W (0, 2) (0, 7) (1, 7) (0, 11) 
W (0, 3) (0, 9) (0, 10) (1, 10) 
W (0, 4) (1, 6) (1, 8) (1, 11) 
X (0, 1) (0,5) (0, 11) (1, 11) 
X (0, 2) (0, 6) (0, 8) (0, 10) 
X (0, 3) (0, 4) (0, 6) (1, 9) 
X (0, 3) (1, 4) (1, 7) (1, 12) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
rood(3, -) 
mod(3, -) 
rood(3, -) 
mod(3, -) 
rood(3, -) 
mod(3, -) 
rood(3, -) 
mod(3, -) 
rood(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
rood(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
rood(3, -) 
mod(3, -) 
mod(3, -) 
rood(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -) 
mod(3, -). 
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To simplify the following proofs, we present a specialized version of 
Lemmas 4.1 and 4.2. 
LEMMA 5.8. Let n and u be integers, u odd, satisfying 5 <<. u <<, n + 1, and 
n =- 0 or 4 (mod 10). Suppose further that C2(u) = B2(u). 
(i) I fn¢  {4, 14,44, 84}, then C2(5n+u)=Bz(5n+u) .  
(ii) I fn~ {44, 84} and u-  1 (mod4), then C2(5n+u)=B2(5n+u) .  
Proof I fn¢  {4, 14, 20, 44, 60, 84}, we apply Lemma 4.1 with v=n+ 1, 
w = 1, d= n/2, and t = (u -1) /2 .  Here we need an IB(n + 1, i), which is 
equivalent to a BIBD(n + 1, 5, 2), and a TD(6, n/2). Both of these exist for 
the values of n under consideration. 
For n = 20 the proof follows from Lemma 3.2 of [29]. 
For n ~ {44, 60, 84} we apply Lemma 4.2. Here we set w = 3 if n = 60 and 
u - 3 (mod 4), and w = 1 otherwise. We also set v = n + w, t = (u - w)/4, 
and d =n/4. Here we need a TD(6, n/4) and an IB(n+ w, w). Since an 
IB(63, 3) exists by Lemma 5.5, a BIBD(n + 1, 5, 2) exists for these values of 
n, and the three TD(6, n/4) are all known to exist, our result follows. | 
LEMMA 5.9. Suppose that there exists a resolvable BIBD(v, 5, 1). Let s 
be an integer satisfying 0 <<. s <, (v - 5)/4. I f  C2 (2s + 1) = B2 (2s + 1), then 
C2(2v + 2s + 1) = Bz(2V -b 2s + 1). 
Proof See [29], Lemma 3.3. 
L~MMA 5.10. Let v and w be integers satisfying v- - -w-1  (rood 4). 
Suppose that there exist an incomplete cover ICl (V, w), and an incomplete 
transversal design T(5, v - w + a) - T(5, a), where 0 <<, a <~ w. Then there 
exists an incomplete cover IC1 (5v - 4w + 4a, w + 4a). 
Proof The proof is analogous to that of 1-16], Lemma 3.1. | 
THEOREM 5.11. Suppose that there exists a TD(6, n), and that there also 
exist a TD(5, s) and a TD(5, s+ I). Then there exists a TD(5, ns+a) - -  
TD(5, a) for a satisfying 0 <<. a <<. n. 
Proof See [8]. | 
LEMMA 5.12. Let v be an integer satisfying v-~ 3 (mod 10) and 93 ~< 
v~<263. Then C2(v)= B2(v). 
Proof First consider the case v = 93. It is shown in 1-29], Lemma 3.6 
that there exists a 2-resolvable BIBD(70, 4, 2). Let C1, C2 ..... C23 denote 
the 2-resolution classes of such a design D, and let W= {Xl, x2, ..., x23 } 
denote a set of 23 points disjoint from the point-set of D. By adjoining xl 
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to every block of C~, i= 1, 2, ..., 23, an IB(93, 23) is obtained. Since 
C2(23) = B2(23), then C2(93) = B2(93). 
For v = 103, apply the final statement of Lemma 4.1 to the IB(23, 3) of 
Lemma 5.5 using the case t=0 to obtain an IB(103, 23). As above, this 
implies that C2(103) = B2(103). 
For v=l13  let W={1-h,j] :h~779,j~TZ2}v.){[g ] :g~gs}  and V= 
{(i,j) :i~Z45,J ~Z2}to W. 
Let o- be the mapping given by a ( i , j )=  ( i+ 1, j), a[h,j] = [h,j], and 
~r[-g] = [g+ 1]. 
Let v be the mapping given by ~(i, j) = (i, j+  1), z1-h, j ]  = [h, j+  1], and 
z [g]  = [g].  Let G be the group of order 90 generated by a and ~. The 
blocks of the IB(l13, 23) are the 1215 distinct blocks obtained by applying 
the elements of G to the following 14 base blocks. 
[03 (0, 0) (5, 0) (0, 1) (5, 1) 
EO] (1,0) (12, O) (3, 1) (14, 1) 
[0] (1,0) (13, O) (22,0) (4, 1) 
[0,0] (0,0) (1,0) (4, 1) (19, 1) 
[1, O] (0, o) (1,0) (5, 1) (20, 1) 
[2,0]  (0,0) (2,0) (1, 1) (23, 1) 
[3,0]  (0,0) (2,0) (8, 1) (24, 1) 
I-4,0] (0,0) (3,0) (10, 1) (14, 1) 
1-5,0] (0,0) (3,0) (10, 1) (34, 1) 
I-6,03 (0,0) (4,0) (16, 1) (32, 1) 
1-7, o] (0, o) (5, o) (17, 1) (30, 1) 
[8,0]  (0,0) (14,0) (6, 1) (29, 1) 
(0,0) (6,0) (12,0) (19,0) (26,0) 
(0,0) (8,0) (17,0) (25,0) (35,0). 
Applying the elements of G to the first of these base blocks gives us 45 
blocks. From each of the other base blocks we obtain 90 blocks. As above, 
this yields C2(113) = B2(113). 
For v = 123, we apply Lemma 4.2 to an incomplete bicover IB(23, 3) (as 
constructed in Lemma 5.5), using t= 5. 
For v = 133, note that there exists an RBIBD(IO0, 4, 1). Let C1, ..., C33 
be the resolution classes of this design D, and let Xl, x2, ..., x33 be points 
which do not occur in D. By adjoining xi to all blocks of Ci, i = 1, 2, ..., 33, 
an IC, (133, 33) is obtained. Taking two copies to these blocks produces an 
IB(133, 33). Since C2(33)= B2(33), this yields C2(133)=B2(133). 
For v = 143, apply Lemma 5.8 with n = 24 and u = 23. 
For v=153, apply Lemma5.9 to the resolvable BIBD(65, 5, 1) with 
s=l l .  
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For v = 163, the proof is slightly more complicated. First recall that there 
exists a PBD(37, {5, 9*}, 1) as is shown in [9]. Deleting the block of size 
9 in this design yields an incomplete cover IC1 (37, 9). Further there exist 
a TD(6, 7), a TD(5, 4) and a TD(5, 5), so by Lemma 5.11, there exists a 
TD(5, 31) -  TD(5, 3)and a TD(5, 32) -  TD(5, 4). Therefore by Lemma 5.10, 
there exists an IC1(161, 21) and an IC1(165, 25). Let these configurations 
be denoted by D 1 and D2 respectively, and let X={1,2  ..... 140}, 
YI= {141, 142 ..... 161}, and Y2= {141, 142 .... ,165}. Let Di be defined on 
Xu  Yi with hole Y~, i=  1, 2. Now, form D3 by taking the blocks of Da, and 
replacing the element 165 wherever it occurs by the symbol 163, and 
replacing the symbol 164 wherever it occurs by 162. Then adjoin the 
blocks of D~ to D 3. The result is an incomplete bicover IB(163, 23). By 
Lemma 1.3, since we have shown that C2(23)=B2(23), it follows that 
C2 (163) = B2(163). 
For v = 173, it is shown in [-9] that there exists a PBD(37, {5, 9"}, 1). 
By deleting the block of size 9 and duplicating the remaining blocks, an 
IB(37, 9) is obtained. If one applies Lemma 4.2 with t = 6, an IB(173, 33) 
is obtained. Since C2(33)=B2(33), this yields C2(173)=B2(173). 
For v= 183, first note that in Lemma4.5 it was pointed out that 
there exists an IB(39, 7). By applying Lemma 4.1 to this design, employing 
t=8,  an IB(183,23) is obtained, and as above, this implies that 
C2(183) = B2(183). 
For ve {193, 203}, apply Lemma 5.9 to the resolvable BIBD(85, 5, 1) 
with s = 11 and s = 16 respectively. 
For v=213, take a BIBD(41, 5, 2) and delete one block, and then 
duplicate the remaining blocks to obtain an incomplete bicover IB(41, 5). 
Then apply Lemma 4.2 to this with t= 7 to obtain an IB(213, 33). Since 
B2(33) = Ca(33), then Ca(213) = B2(213). 
For ve {223, 233}, apply Lemma 5.8 with n =40, and ue {23, 33}. 
For v=243, take an IB(43, 3) (cf. Lemma5.5) and apply Lemma 4.1 
with t=20 to obtain an IB(243,43). Since C3(43)=B3(43), then 
C3 (243) = B 3 (243). 
For v = 253, apply Lemma 5.8 with n = 44 and u = 33. 
For v=263, it is shown in [17] that there exists a PBD(57, {5, 9"}, 1). 
By deleting the block of size 9 and duplicating the remaining blocks, an 
IB(57, 9) is obtained. If one applies Lemma 4.1 with t= 7, an IB(263, 23) 
is obtained. As usual this implies that Ca (263)= B 2 (263). | 
LEMMA 5.13. Let v be an integer satisfying v---3 (mod 10) and v >>. 93. 
Then C2(v) = B2(v). 
Proof In view of the previous lemma, it is sufficient o establish the 
result for v ~> 273. 
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For v>~273 and v=23, 33, or 43 (mod 50), the result follows from 
Lemma 5.8 with n---0 (mod 10), n>~50, and u~ {23, 33,43}. For v=3 or 
13 (mod 50), the result follows from Lemma 5.8 with n=4 (mod 10), 
n >1 54, and u ~ {33, 43}, with the exception of v = 463. 
For v = 463, we use techniques similar to that of the case of v = 163. By 
applying Lemma 4.2 to an exact IC1 (85, 1), (that is, a BIBD(85, 5, 2)) with 
t=10 and 11, we obtain an exact IC1(461,41), say D1 and an exact 
IC1(465, 45), say D2. Again by identifying two pairs of points in D2 and 
adjoining the blocks of D1 in a fashion analogous to that of the case 
v=163, an IB(463,43) is obtained. Further, since C2(43)=B2(43), it 
follows that C2(463)=B2(463). |
The foregoing can be summarized as follows. 
LEMMA 5.14. I f  v is an integer satisfying v------- 3 (mod 10) and v >~ 23, then 
C2 (v)= B2 (v), with the possible exception of v e { 53, 63, 73, 83 }. 
L~_a  5.15. I f  v=8, then C12(v)=B12(V ). 
Proof Let the point set be 2~ 6 u {x, y}. Then the 34 blocks are 
xy  0 2 4 (mod6) 
xy  0 4 5 (mod6) 
x 0 1 3 4 (mod6) 
y 0 1 3 4 (rood6) 
0 1 2 3 4 (mod6). 
These form a 12-cover 
(one-third orbit, taken twice), 
(taken twice), 
of 8 points with B12(8) blocks. | 
THEOREM 5.16. Let v be an integer satisfying v- 3 (mod 20) and v >1 7. 
Then C~(v)=Bz(v) for 2~>1 with the possible exception of the pairs 
(v, 2)~ {(63, 2), (83, 2)}. 
Proof By Lemmas 5.6, and 5.14, we have C~(v)=Ba(v) for 2= 
1,2,...,9 with the possible exception of 2=2 and ve {63, 83}. Thus the 
result follows from Lemma 1.1 and Lemma 1.2 with the possible exception 
of ve {63, 83} and 2 -2  (rood 10). To deal with the latter cases, we show 
that C12(v)=B12(v) for v~ {63, 83}. 
Let ml = 11, m2 = 15, tl = 3, and t 2 = 7, and let De denote a TD(6, m~) for 
i = 1, 2. Let G, denote a group of D;, and delete t~ points from Gi, i = 1, 2. 
The result is a pair of group divisible designs D3 and D 4 with blocks of 
sizes 5 and 6 and group types 11581 and 15581 respectively. In D3 and 04,  
replace each block B of size 5 by twelve copies of itself, and each block B 
of size 6 by three copies of the blocks of a BIBD(6, 5, 4) defined on the 
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point-set of B. Then in D3, replace ach group G of size 11 by six copies of 
the blocks of a BIBD(l l ,  5, 2) defined on the point-set of G, and delete the 
block of size 8 to obtain an IC12 (63, 8). Similarly in D4, replace ach group 
G of size 15 by three copies of the blocks of a BIBD(15, 5, 4) defined on the 
point-set of G, and delete the block of size 8 to obtain an IC12(83, 8). Since 
C12(8 ) = B12 (8), this implies that C12 (63) = B12 (63) and C12 (83) = B12 (83). 
These results, combined with Lemmas 1.1 and 1.2, complete the lemma. | 
LEMMA 5.17. Let v be an integer satisfying v - 13 (mod 20) and v >>, 13. 
Then C~(v) = B~(v) for 2 > 1 with the exception that C2(13 ) = B2(13 ) + 1 
and with the possible exceptions of the pairs (v, 2) 6 ((53, 2), (73, 2)) .  
Proof The lemma is immediate from Lemmas 5.4 and 5.14. 
6. CONCLUSION 
The foregoing can be summarized as follows. 
THEOREM 6.1. Let v be an odd integer greater than 5. 
(i) I f  v -= 1 (mod 4), and 2 > 1, then C;~(v) = B~(v) with the exceptions 
that C2(9) = B2(9) + 1, C2(13) = B2(13) + 1, and the possible exceptions of 
thepairs (v, 2)~ {(53, 2), (73, 2)); and 
(ii) I f  v ---- 3 (mod 4) and 2 ~ 1, then C2 (v) = B~ (v) with the exceptions 
C~(15)=B~(15)+ 1 for 2= 1, 2, and the possible exception of the pairs 
(v, 2)~ {(63, 2), (83, 2)}. 
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